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Precalculus — 5 4 Notes Double-Angle and Half-Angle Identities

Using the sum identities from the last section. we can derive more formulas called the double-angle identities:

sin(2x)=sin(x+x)= SinXCosX + LosxSinX

Sin(ax) =2 Smxcesx

cos(2x)=cos(x+x)= Cos X CosX_— SIhX SInx
cos@x) = (Cos®x = Sin*x |
(CosxY — (sinx)

We can use Pythagorean Identities to derive two more identities for cos( 2x). =

Sin*xecos
cos(2x) = cos"Y -3in'x
Los’x - (l-COsx
CoS X X ~| +cos "

2 oS X - -\

COS(2T)_ CDS X~ sin X
(1-sin x\ 3in X
| -<2n X~ -3in X

L —?.sm
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tan(2x)=tan(x+x)=

tan a fﬁanb
Lan(atb) - vl
tanx +fany
tanlx) = |~ Lamx banx
-| 2tanx

| ~ +an x
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Example: Use the double angle identities to verify that cos(3x) = cos’ x—3cosxsin’ x is an identity.

Cos (3x) = cos'bx - Htosxsin X

o5 (2 %)

cod2x) CosdX) ~ Srngi Sin (x)
u .
<“’s’(*\~si'\’93 COS*\ — 2SInXCOSXSINX

Disribote .
Cos-|cosksingd = 2 es(x) Sin'(x)

CoS>(x) =BCo SIS in 6 Z
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We can use the double-angle identities to derive identities for sin(x/2), cos(x/2), and tan(x/2). We call

these the half-angle identities.

To get identities for cos(x/2) and sin(x/2), we solve two of the identities for cos(2x) for sinx and cosx.

2cos’ x —1=cos(2x) 1-2sin” x =cos(2x)
Aop |
cos? x = 1+cos(2x) Than+2 —2sin’ x =cos(2x)-1
2
- m‘|‘ . 5 1—cos(2x)
cosxy =+ 1+c03(‘.x) tﬁ,‘“sws S = 5
Let - 1_cos(2.
e v {1 4cos ) sinx =+ c”;( l
F)= + w
CDS(;\ ) EITE

Since these equations work for any angle, they also work if we replace x by (x/2):
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. X
We can then use these formulas to derive formulas for tan 5 :

X l—cosx X sinx ¥ l-—cosx
fan—== tan — = tan — =—
2 l+cosx 2 l+cosx 2 S X

Mewmori1z¢ tan (—;‘;)

Sin X
CosS X

tanx:
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Examples: Use the half-angle identities to find the exact values of the following:

sin(67.5°) cos(117/12) tan (—/8)
sp Luse ¥

oI
Sin ( 615 ) g

_ l‘Js'so ) ~ CoS (35°
(). {5

- *J [~cos ¢os I=1T
2 2
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o[ x J(x) sin’
Example: Prove that sin” [—]cns‘ (—J =
2 2 4

2 -
)—cosx) thcosx)
Urdde

(1-osx) ([+0sx)
2 2

1 = cov'x
Y
.2 i
Sih™x v Sm"’x

1 4

X

1s an identity.
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Sin@a)- 3 We2a< 3
odyeenldsl
2a) + €05 (22)=
A PP

cos*(2a) = |~sin(29) 2 o m QL
cos” (2a)= |-(sin2a)’
Cosiaa) = (- (E)
cos () = | -3
Cos(20) = U—%‘

cos(2a) = 2""‘5"‘?'

cos (2a)= 2 cos & -|
BT _ 9 cova -\

E)
AVa+| - 42
GL; + ‘§= y) COS‘;& 5 Lsime

n _ aﬁ+3 _ « R
'i(zﬁ' *3\ - aps & ‘;'_(—H- SIn G

3 -2V~
25 o] (35200

ows (20)= - asin‘a
3—";’:, |-2sina

tano = Q:-zﬁ-s . U20E
Sina 1’2; ’ 'lfc
oSG
“Wa-3 6
R A Vadz a>
T

l’?--'li’i- Y

[Example: Find sina, cose, and tana if sin(2a)=-1/3 and 7 <2a <37/2.

10
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Example: Find sinea. cose. and tane if sin(e/2)=12/13 and 7/2 <a/2 <.

Sm( \

=

|- cosa l"(""‘
= 9 T o a
pi 2 4 4{4 ’tr
l-cosa = 144 2 M a < AT
(L]
l~C,OSQ = 2R%%
Tea
—CDS& > %"l —||ﬂ
-tos a = ﬂ -lv e
[Ox! 2 _ %
Sa = -us| @M {“}. (-n3)
loq o ~(20 "
SIhO-= g S0
(e NOV=-119
)20

11
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