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9.4 notes calculus
Improper Integrals

The name 1s awtul, but as 1t turns out most of the time there 1s
nothing wrong with the integrals we call improper. The
following 1s an improper integral.
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The problem here is that one of the limits 1s infinity. We’ll
handle this by treating this as a definite integral and then taking
the limit as the upper limit goes to nfinity. Sometimes there
will be an answer, and sometimes there won’t be an answer. [t
will basically come down to how fast the graph approaches the
x-axis. If it doesn’t approach the x-axis then there will be no
integral for sure. If it does approach the x-axis it might. We
will put some rules to this in a mmute.
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he reason this works 1s that .~approaches zero as x—o0 and it
approaches zero rapidly enough that area etfectively stops

accumulating.
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Definition: Improper Integrals with Infinite Integration
Limits

Integrals with infinite limits of mtegration are improper
integrals.
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1. If f(x) i1s continuous on [a. «). then _L J(x)dx = lll‘ﬂj J(x)dx
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2. If f(x) is continuous on (- «0.b]. then | _/(x)dv = lim L J(x)dx
. It f(x) 1s continuous on (- «, »), then

.L, f(x)dx= L f(x)dx +_[ f(x)dx “hele is any real number
Jimn S8 pdx + b S £0d dx

We sa} an mtcglal |c0m erg EQ if the g process gives a
finite answer. It it doesn’t, we say itldiverges.) It we have to

break the.ntegral i&tg yarts. thev both must converge.
otherwise the entire integral diverges.
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The discontinuities we dealt with before were finite
discontinuities. We will now look at infinite discontinuities with

the same technique used for improper integrals. V.0, or hole
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Definition: Improper Integrals with Infinite Discontinuities
Integrals of functions that become infinite at a point within the
interval of integration are improper integrals. |/ A. or hole

b ) b
1. If f(x) 1s continuous on (a. b]. then L f(x)dx=1lim L S (x)dx
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2. It {(x) 1s contmuous on [a.b). then L S(x)dx = gl_gl L S (x)dx

3. If {(x) 1s continuous on [a,¢)w (c,b], then
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There are some mtegrals that our best tools cannot get analytic
answers to

Example 8: L e dv Does this mtegral converge?

h“" Y e x dx
This function approauhe:; the x-axis verv quukh but there 1s no
closed form (not a nice one) that we can use i the limit. Our
calculator can approximate the answer, but the hest we can do
analytically 1s to say if the integral exists. @ ": c‘x

x<I e~'= e

The simplest way to do this 1s 111:1Le a cumpamon with a
function we know. Compare €~ Wwith e
Both are exponentials. Both are positive and both approach zero
as x—o0. Which one is larger? C-X
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Theorem 6: Direct Comparison Test DcT
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Let f and g be continuous on [a . o). with 0 < {(x) < g(x) for all

I rf (x) dx = converges if r 2(x)dx converges
2. _[ " g(x)dx = diverges if r f(x)dx diverges

S by pCT g“_ 1+c»sx Aoasx c\w%ﬁ}»;
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If convergence depends on how fast f(x) —0 then, we can also
determine convergence using_relative rates of growth. If two
functions grow at the same rate, they should both either
converge or diverge together.

Theorem 4: Limit Comparison Test
If the positive functions tand g are continuous on [« ., ) and if

imZ _ 7 0<L<w
= g(x)

then

L‘f (x)dx and L g(x)d¢  both converge or both diverge.

In general, knowing which comparison to use just takes practice.
It 15 possible that both methods will work. You want to find the
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We can use improper integrals to find some unusual things.

Example 9 Use the arc length to show that the circumference
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Example 10 Find the volume of the solid formed by revolving

e —— . .
the curve v = xe* about the x-axis from 0 to «. —
Vv
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