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8.2 notes calculus

Areas in the Plane

Find the area of the region enclosed by the y-axis and the curves

y=x' and y=(x’+x+l)e” Fnd k - '{Mm\ugm

Draw the graph. x* =(x’ +e+)e
%
00 =2 — ({&x* \e
ax) = (x2+x+1)e>
ys 12
k
g g96) - f6d dx
E k= J,0503204

k -
So O 4™ — x* dx

This 1s an area so we know we will mtegrate. But what are the
limits? In which direction should we mtegrate?

']1.
L dx  Start at zero, end at intersection and integrate with
respect to x.

How tall 1s each of the rectangles?
Top tunction — bottom function

K((:\:2 +x—l)e‘x —x’ )r,f\

This 1s nasty. Let’s apply this idea to easier functions.
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Example: Find the area bound by the y-axis.
v =cos (x) and v = sin(X)

J-:(cosx—sin X) dx >

K is whersechon  cosx=Sinx

%

h(x) = cos(x)

q(x) = sin(x)

SInx+Ccos X |:"

G"‘E ﬂm&;) _(sim ot cso)

*’%fj - (o%1)

Definition: Area Between Curves: If fand g are continuous
with f(x) = g(x) throughout [a.b]. then the area between the
curves v = f(x) and y = g(x) from a to b is the integral of [f — g]

b
fromatob, A= _L [/ (x)—g(x)]dx

Example: Area bounded by cos (x) and sin (x) on [0,7]
Graph cos (x) and sin(x)
Which function 1s on top? \n\l;

[s there a problem stopping at m?
yes! i

beth Funchens are on tof
at different intervals

ar n
SL* COSK‘SM)-(A)‘ + S‘“ Sinx ~ cp”")‘
o U

ﬁ

0.2

We split this mto two mtegrals. |: 4:| with cos(x) on top and

pu
[I 7{} with sin(x) on top.
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A= I4 (cosx—sin x)dx+]lﬁ (Sinx—cosx)dx
0 _
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Now let’s take a look at another problem with an easier area, but
some interesting alternatives.

Example: Area bounded by x-axis, V= \/; and y=x-2
Graph the function. ®2)

infersechion
¥ = X~1
x= "
Ko xb-dx yox-2
-6x 44 2 O= w2
o= ¥ \ 2-X
o= (%= "Dh;: \‘ A
X-4z0 X=lt
2 P
x=4 E xebranRols
We split the integral into two pieces with \/; on top. x-axis
below from (0.2)

\/; on top and x-2 below from (2.4)

[eaes [ Ve T0) a
§xtde s §rxt xﬂ‘*

;x"\ "X‘-‘-:azu"

-;(1\ 3o+ i(q} flpm] 3(1} ;i
g -0 (g-5E) -

Because there is no single function on the bottom. we had to
break it into 2 separate integrands.
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We have always been used to mtegrating with respect to x
because the width of our Riemann rectangles was always
horizontal. What 1if we ran our rectangles the other way?
What if we looked at 1t like this.

dy right function — left function

[s there a problem with saving right function minus left
function? We are integrating with respect to v, each function
needs to be written i terms of v,

fj: ¥-L lj=ﬁ
Urxr = X ‘jz= X

[x}
T

J‘Ol right — left dy

'j'a. ) 3[
.E*Q'j % o
a 3

L am-% )~ (0)
2+44-%

- 8-8 o
b %'”‘i =3

So, we can make this problem one single integral by integrating
with respect to vy rather than x. This 1s a good time-saving trick
to have.
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geometric formulas.

Another trick that is very clever involves finding integrals with

Did anyone notice a shape in the area each time we graphed it?
2
L fres of treagle
+ . 2) =2
A e

4
This triangle has area 2 or .(o \/;dx =2 OR x isn't very nice

to integrate ‘t
o, -2

13(‘1?‘-;;@5“ -2
%2 -[§)

Can anyone think of something else? ot

January 08, 2020

The moral of these examples is that you are not always limited
to the type of integral vou set up. dy. dx. subregions and even

geometry formulas can be useful.

Let’s discuss options on problems 1 — 4. Let’s choose one

problem to be done together.
© X § cofixde ?
l - Cos x 2
° S gin®x dx ©
S“r‘ _/&‘:.“:) Jx cosﬂi)a 2 2&2’("
o cos(2d) + 1 _m
CDSZ* [ 2 '-:]
S (-2~ COS 2% = |~ 28in X
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