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7.2 notes calculus

Antidifferentiation by Substitution

Chapter 7 gives us some techniques for finding mtegrals or
antiderivatives.

Definition: Indefinite Integral

The family of all antiderivatives of a function f(x) 1s the
indefinite integral of f with respect to x and 1s denoted by
If (x)dx . If F 1s any function such

thatF(x) = f(x),the [ f(x)dx = F(x) + C. where C is an
arbitrary constant, called the constant of integration.

integral and x 1s the variable of integration

When we find F(x) + C we have integrated f or evaluated the
integral.

Example 1
S X" ~ Sinx dx

>
% +cosx +C
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#Properties of Indefinite Integrals
[k f(x)dx = k [ f(x)dx for any constant k

[ ¢ 290 ar= [ redx = [ g

Power Formulas

fundu _ un+1

+C,whenn # —1
n+1

1
fu‘ldu = f;du = Inu| + C

Trigonometric Formulas

[cosudu= sinu+C [sinudu = —cosu+C
[sec?udu= tanu+C [esc?udu= —cotu+C
[ sec(u)tan(u) du = secu+ C

[ esc(u)cot(u) du = —cscu+C

Exponential and Logarithmic Formulas
u
[etdu= e*+C fa“duzhal—aJrC

Jlnudu: ulnu—u+C

Inu uln(u) —u
flogaudu= —du=——""—#—+C

Ina Ina
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Example 2 verities Antiderivative formulas

S uw'dh ) g
( wdn ulnu ~u+C
AnueC ;J;(ulﬂ“"“‘a
dpaud ek alnaf-1 +O
= Mnu+c +
du‘h.l‘. +0O “\f’* ~A+0
I.A.u_'
[Example 3 _Paying Attention to the Differential
£l usx? % in FD sotthn
a) [oadn ® } $(u) du
§ x4l dx ‘:“' | du
% +#C %0 \lk +C
S —
@4 1Y
c
{5 I
S (ud41) d»
boa
§o)«1 dx
S )(" 4\ &x
k2
-‘-x; +xX +C
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Here is a table that might be helpful in antidifferentiating

functions

Indefinite Integral

Reversed Derivative Formula

n+l

"y = C 1 a Y—H =x", ne-1
_[x _n+1+ L NE o Il e
Ildt=ln|x|+C £1n|x|=—l
X dx X

= i
Ie’“d\’ze—+C iE—zeJbr

k dx k
Isink\'dtz—oos'kr+€ %[—Cozh]=sinkr
J‘coskx‘d\':smh-f-C i sin = cos kx

ax\ k

Isecz xdx=tanx+C

2
—tan x=sec x

J‘csch dy=—cotx+C

d 3
—(—cotx)= .
(—cotx)=csc” x

Isecxtanx dy=secx+C

—Ssecxy=secxtanxy
dx

Icscxcotr dv=—cscx+C

d
—(—CSCI) =(Cscxcotx
dx )
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x'ﬂ"‘l
| X" dx = +C
" Remembelf 1
f F
3
Example: J‘ Pdv = % e

Recall also the power for dertvatives could be used even if the
base was a function by using the cham rule

d (2x+1) 5(2x+1)"-2
& 5 5 ned~t

n+l ‘
| P R Ay e n da
U-&

The inverse of the power rule and chain rule together 1s the
power rule for integrals.

n+l

u

Iu”dﬂ: +C nz-1 if n=-1 then u" -1 = J‘ldu =lnu+C
u

n+1 u

This formula is very helpful. but often hard to recognize.

.,
Example: I(f —2) 3x*dx To find this we need an

antiderivative of the integrand. The integrand is a product. This
1s difficult to mtegrate. However, if we integrate using a “u”

substitution this becomes easy. 5
= X2
3 a2 du . ,
X =2)PB3x"dx | aAX
2
= us (x3 o 2)

+C

Letu:x3—2anddu:3x2dx:>_[u4du:>?:>
§ u’ du —
% 3 C (x ”25 +C

—

5

Check the answer by finding the derivative.

d (L2 A\
;[,‘(QZ 5)_\+C,

3- ul . 3\1
S:gl(\s?:) + O
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Do these problems:

J.(x+2)3 dx L= X2

e
Su dm Tt

T:,c = Q‘*n ..,c

j\/?dx u-:*-‘

ugq
- KT
§ (4« l) dx d:‘z‘l"‘ e

(ub S8 faeias
_gui Ju

k ia\

‘—ur-to

At

5 (e s
Chackst

Tx["(""") l

&‘i ('h" 'Jf “o
Gy 11

We do a “u” substitution when a function and its derivative (or a
constant multiple of the derivative) make up the integral.
U= -2
PR L P
sz (7D (@ u
3 L
28 U5 du
L LB
24 (u® du
4
U_ +C
4
Gx-2) +C
” i u= 3%
217 jsm3xdx du= 39
Ssmu -%du L du=dx
~s U
S
—cos(3
3
From #17 we can see that some trig functions aren’t too bad to
integrate.
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2
Example: Isec x dx

{enx +C

Example 4

ClS\(J

Csinv e X U= cosx

S&uss.su\xax Jus - gmx ¥
—_—

~dus Sinx dx
§ - du
- SC“ du u cosx
-@ A -e +C
Example S

S xa-,)"i-r—?.x‘:x s
S X (5420 dx paemCdx
§ (saad)t ol

i‘S( u )‘k d
%
LU

vy ¢
é.%.u}l-

:

§(520) + ¢

What about I tan x dx

Since tan(x) 1sn’t n our mtegral table and 1t’s not the derivative

of any function we know, we’ll have to do something different.

Remember that all functions can be written in terms of sines and
cosines. Try changing tangent to sin/cos

i |
Itanxdx:f—dsmx x COTX.SMXAX

COS X

What do vou notice? Answer: sin and cos are derivatives
of one another

So we should do a “u” substitution. But, which one 1s u?
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u=sinx u=Ccosx

du = cos x dx or du = —sin xdx
1

doesn't work f M

I;ldu:—lnu+C:—h1|cosx|+C
u
1

S +anx dx

Sinx d
—
coex 9%

or In

+C or ]n|secx|+C

w=Cos X
A Lsixdx g oSiax
Cotw = ~du = SInY
S i— & = &A
W
\
- Su du

wm | Cosx["4C
‘Q”\\u‘»—sx\ *C
hlsu—!\*c

Substitution in Indefinite Integrals

[ Fla(-g'(x) dx = [ fandu

Substitute u=g(x). du=g' (x)dx = F() +C

[Evaluate by finding an antiderivative F(u) of f(u) = F(g(x)) +C

[Replace u by g(x)
PosT  mgget
Example 7: o
O o
Sehae s Seh Aok
J+ coimese’
((sec @] dx el

u=2x
d\:sﬂ.J%

‘Idus dx
\ secy iy

*'I',m\u +C

9 S coox dx
epSx -Cosx dx
(1~ sinw)eosx 4%

cosX- Sin XCos%
S - . ‘\‘“‘SJ' “.s”:x
Sw““" SINRBEESS Juscos
sinx = Suedu
k ]
4

Siaw -ﬁg‘_“..yc,
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Substitution in Definite Integrals

Substitute u = g (x). du = g’ (x) dx and mtegrate with respect to
utfromu=g(a) to u=g(b)

I f(g(x)-g'(x)dx= J.g( )f(u) cht

Example 8 J-OI tan xsec’x dx What makes this problem

different? \lMA"a PS?'T

Continue on as normal with u = tan x and du = sec’ x d\
o<l 5 dos 2
tan 4]

/H: “T E an ?
gﬁ“[?ﬁbj‘%‘%“‘%

Or change the limits of integration by evaluating u at the limits.

L 27!
J‘m“udu:jludu:{u—} =l—O:l
an0 0 2 2 2

0

It’s the same either way. You just have to decide if evaluating
“u” at the limits saves effort. Usually it does.

. = tw u(e)= tano
S*{:an x seC'x dx l&. s::"x Sov o

05 u du C“Ju uﬁt\:‘

u

. ‘_:_- At
Q:cu:‘\ a-l

({:M‘!:S- - -ch O)l %‘:'-
=
A

2
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Example 9
! % u=x*-4 o) =-4%
o x;_ d&=1x ax lA(\): -3
[
Sdus X 4%
by dy
So X4~
wl(®)
1.4
ot .
iR Wl ! ‘ 2
L nla 2 Q[ -4 )

\ 3 | ulo)
2 nlul L* .%Jm\wll—a'hlo-'l)
5 8n3| - Bl bl st
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