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7.1 notes calculus

Slope Fields and Euler’s Method

We have seen problems where we must differentiate. Example:
f(x) = 3x? +2x -1.
F60=0bxx2 i
We have seen problems where we must mtegrateJ. 3x° +2x -1 dx.
X?‘-)X'-x = (‘P-r"l -‘i\~(l *f"‘-l)
We have seen probléms that seem to involve both ideas. Find y
ity =3x* +2x -1
dy
T = A% 42y~
dy = Axt+2v -1 dx

An equation that mvolves a derivative 1s called a Differential

 .quation.
D é d}’ ,
Example}:\; if o= 3x7 +2x -1

An equation that mvolves a derivative 1s called a Differential
Equation.

dy 2
‘: C v if —=3x" +2x -1
Example: v it i

Using the FTC we know derivatives and integrals are mverses of
. . dy 2
one another so we integrate both sides. _[ e I 3x7+2x -1

What's the problem? There 1s no dx!

Now we integrate.

[v=(3x* +2x-1) dx

S | dy = S%f‘ﬁlx—( dX
y = ¥ x-x +C

[s there anything strange about this?  (No limits)
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Part one of the fundamental theorem of calculus says that each
integral has a function that represents it, call it F, any
antiderrvative. This tvpe of integral 1s called an indefinite
integral.

3
. 2
Examples: Definite (get an answer) L X" dbx

2
Indefinite: (get an antiderivative) _[x dx

Idy=I(3x2 +2x—1)dx—>y-l;f] =x"+x*-x+c,
| -Cy
Lj = X’B*Xl")( + (C,L‘Cd\
constont

or y=x+x'-x+c

How can we know what “¢” 1s’'was? In order to know what “¢”
1s we need an initial condition.

dy
Example:  —-= 3x* 42x-1 apd y(1)=2

u\m\xisi,'jisz

Separate the differential equation: dy = (35{2 +2x -l)dx

jdy = j(3x2 +2x -1)dx

y =x"+x’'—x+c
Use the mitial condition to tind ¢. v(1) =2 when x=1 vy =2 and
find that c = 1

Integrate using indefinite integral:

LT P -1+C
2 = \xC
l=c
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To sum up:
A differential equation (D.E.) is an equation with a derivative
in 1t.
Example: §= 2sin x ; or example S J:: = SJ; dx
g J & ;V‘\zcosx-e-c - +C

separated. (both previous examples are separable D.E.’s)

A definite integral has limits of integration and should be
evaluated.

3
X 5 _x 8
Example: Lx dx_?_g
x> |*
3 2L
3 3
A _2
Y 3

An indefinite integral does not have limits of integration and is
“asking” for the antiderivative of the integrand. (Antiderivatives
differ by a constant)

3
X

J.xzdx=?+c

Example:
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A solution to a D.E. with the arbitrary constant 1s called a

general solution. has
= (+¢)

A particular solution to a D.E. 1s a general solution where the

constant has been found using an mitial condition. (You must
have an mitial condition to find ¢.)

Example: Find the function v = f(x) whose derivative 1s -sin x
and whose graph passes through the pomnt (0. 2).

First step: =—sinx initial condition y(0) =2

gdgz -Sinx dyx

=~ Cosx+C
n = cps(+C
2= | «C
| = C

(chosxﬂ

Example 3: intial eomdiden (0,2)
J:’ = Ix-Secx

54342:‘3“"" *

3?-2_{)( - tanx +C
3: O‘- Ean0 *C

‘Stgxz - {Qn:(ig\

Example 4:

IR e f&=3

df _ C
ax &
(d4¢ = St &)t

(etd

-?
m e 4t *q

pssT
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There 1s also a graphical way of solving D.E. s, they are called
Slope Fields or Direction Fields.

Definition: Slope Field or Direction Field
A slope field for the first order differential equation

dy

—=/(%)) s a plot of short line segments with slopes f(x, v)

dx

for a lattice of ponts (X, v) in the plane. (See figure 7.2)

This 1s just a fancy way of saying: take the D.E. and graph it,
but only at certamn points. This should make ntuitive sense
because what 1s a derivative (answer: A slope). Basically, what
we would do 1s make a little slope chart at convenient points on
the x-v plane.

dy _
Example: ;. ~ ¥ Graph slopes on [-2.2] by [-2.2]

49_
XY ,Zt-t' \ /
2|2 | =2 ~1 <N
215 | -2 \ o/
(-2)© -2 \ ?
- S
IR - S

I R l mtial condition 1 <0j~2)
2_51{ 2 mihel condition 8 (0,0)

fd= § x dx

Y= %*C
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Example 6: Construct a Slope Field for the differential
equation Z—z = cos (x)
¥
W e ¥ T \
-~ () ==1 -« - 1T A
- =0 %(:7-4:3*(*
2 - & o <
o O.’(.‘.' I . ‘-Af.-‘
{ cos®H)=0
o« cos (w)e | invHal eonditon, (0,0)
Sdsasoos (x) 8%
y= SiInx¢C
Example 7:
dy IV
e +
d’s’ x ‘5 [£ X
—cﬁ =2 |o+4-2=2
O~ [~]
|l o o
o 2 2
i1-2 -1
=1 |O
tfjo |
i1z
"2
EXAMPLE &

Euler’s Method

We always need an mitial condition when attempting to solve a
differential equation, whether analytically, numerically. or
graphically. If you think about it, what does a differential
equation tell vou? (Answer: the slope of the original graph.)

It we have the slope and a starting pomt then we should be able
to string together a bunch of line segments to approximate the
original graph. This is kind of what we did with slope fields.
Leonhard Euler developed a method for approximating a
solution curve. It s called Euler's Method. Here 1s his idea: It
relies heavily on linearizations. L(x)=1f(a)+f'(a)x—a)
Read Euler’s Method for Graphing a Solution to an Initial Value
Problem and look at figures 7.6 and 7.7,
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Lx)=f(a)+f"(a)(x—a)

Yn+1 = Vn
dy
Y1 =Yo T E(XUJ’U) - dx

dy
Yo =Y1 T a(xb y1) - dx

Applying Euler’s Method 1s usually on the AP Exam, so 1t 1s
important that vou understand how to apply this method. You
will be given the derivative, the initial condition and dx.

+ é (xn! yn) - dx

dy
Y3 =Yz + a(xsz’z) - dx

Ax = Ax
X Yri)
’(.2 Xty Y

ng Yo+ 2 'jn.'

*Jk

Xz=X#2dx  Ya®
’ x?q-z.lx 3
Xz-l'Jx-

- dy
3.
> dx

x=13

'ﬂ]"'ﬂo*(ﬂ"x‘)é”
g, < 2+(2-1)10)

'd“: 2+ -(
Y= 2|

‘51. 9\* (y| XD 4)(
3"'3'2 \-\(2-\ \l\( )

Y 2,l% .1\
2=2.%

—

— =y —x and v=2 when x = 1. Use Euler’s Method
)2
with increments of Ax = 0. l“tg approximate the value of y when

Us= Yz + (Ya= X2) dx
2z 22+(2.2-12)()
U= 2L 4 1)

‘43 = 201 '|'.\
Y3223

Ax=0.1
Xo® \ &" 2
=2
X\’ lo' \3‘= 2.'

xzi |.2. 5‘2 2‘2

o713 (23]
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