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10.3 notes calculus
Tavlor’s Theorem

With all the work that we have done with series and as
interesting as some of the properties are. we still might ask.”
why would we want to use a series when we can use the actual
function?”

The answer 1s that sometimes finding the exact answer can be
impossible and 1t’s more e‘tﬁ.lglwo use an approximation.
Besides. if you need &* f\_-’ou Tse vour calculator. It’s just that
vou see apapproximation that is correct to 8 or 10 decimal
places. You don’t see, or care about the error that has been
truncated] This is really what this section is about:
1) Using the nth order Taylor polynomials to get an
approximation.
2)Knowing what the associated error 1s.
cut O

Example of runcattd
223%1L59L

2313 (rounded)
72.,%3% - ron cOd'ed\

Example 1: Find a Taylor Polynomial that will serve as an
adequate substitute for sin x on [-7, 7]

Cenbered & O Sindr=0 sinfa)xp
There are a couple of 1ssues here: We don’t want to punch in an
infinite number of terms. so 1t will be an approximation. We
want 1t to be close. so we need to know what close enough (the
error) 1s. Clearly, we should center the series at 0 so this will be
a Maclaurin series. Remember that approximations get worse
the farther we get from the center. (Refer back to page 491
figure 10.4)

So, 1f we can get our polynomial to be close at «. then 1t will be
. ’ cenier Is¥0”

at least that close on [-m. @].

Now the question 1s how close and how many terms do we add

4
to get that close? Let’s say within .0001 (1 x10 )
——
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We know the exact value of sin &= 0 so we have something to
compare. The Maclaurin series for sin x 1s.
. O S B B | €
sinx=x——+——"—+——-"—+"— %
3t 57t 9t 11t 13!

Let“ ut the polynomial mto vi and then evaluate at m.

q'@ﬂ o;g;;;:p_,;,ﬁ‘“’ r bfermse, ooo‘ls
(3 terms, then 7. evaluate at ” also)p: M"‘”‘

So we say the truncation error 1s less th an 0001

We can also look at the error Oraphlcallv é

This 1s why we put the polynomial mn yv1) Graph |Pl3(x )—sinx | )
in the window [-mt, ] by [-.00004..00004]
Qi\awoww tosee erver,

Tavlor polynomials give us a good way to get an approximation
tor the function, but how do we know how far oft we are
without having the exact function value to compare 1t with.

Example 2: Find a formula_for the truncation error if we use
q“

2, 4, 6 I , )
l+x"+x" +x7 fo approximate (l—xl) over the interval (-1. 1)

—

= J+xtaxs x“ 438+ 1% 4

2
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& | X
ter | -

On  wnfiaik Sund'rlc. sers the camandsr
i the Sum of the vemanng ferme.
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Let’s look at a simple example where we can tigure out the
approximation and know the exact error.

|
Find a 4™ order polynomial to approximate /(¥)=—— and find

. [+x
a formula for the error. =\
‘vﬂbn pewer sevus V==X
| | . 5
——=]-x+xt =X+ X
I+x
|approximation ||[error .
remandat .
abs value of What i
threown awdy - )
(infnile geometric sum B |-r
The error 1s geometric with r = -x so if we combine the terms
) —x —x
; -Xx"on we get E = =
tfrom g l——x 1+4x

If we increased the order of our polynomial we would decrease
our error.

—x it
P, —>E-= ( V. means more +eems ques
l+x l& errov.

We can graphically see the error decreasing by making
1

=P, and y, =——

S T 1+
(=x) formila of funchen

= lor this T 6 ervor

or since we have the tformula

V:
1y
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The previous problem was tairly simple. especially where
tinding the error was concerned. The error was the sum of an

' geometric series, so we could say exactly what the error
was. We would like to be able to do this even if the remainder
1s not geometric. Remember this section 1s about using
polynomials to make approximations and about knowing what
the error 1s. Luckily. Taylor has figured out both of these things
tor us.

Theorem 3: Taylor’s theorem with Remainder
If f has derivatives of all orders in an open interval / containing
a. then for each positive mnteger n and for each x in 7,

~ " (1) 088
[f(.\-) _ fla)+ Fla)x—a)+ L _ff’) (—af +..+2 nf‘“) (x— cﬂ + R (x)

7" (e) N
R (x)=———(x—0a) j
(n+1)!

For some ¢ between ¢ and x.

2 A Taylor's o
Cenkr X valve fo M= derm

or evder h,

where
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The tirst equation in Ta\'lor' s Theorem 1s Taylor’s formula.

1s the remainder _of order

—

The function

he error term for the approximatiou of fby B,(x) over L.

Thus 1s called the Lagrange form of the |'emainderc:j>|30unds

on R,(X) found using this form are Lagrange error bounds.

with 12, (X) gives us a mathematically precise way to define
what we mean when we say that a Taylor series converges to a
function on an interval. If R,(x) >0 as 7 — = forall xin I, we
say that the Tavlor series gener ' f at X = @ converges to f
) X —ac 0
), ———

. -/ (a)
on L. and we write |/ (¥)= ZT(*"_*"‘)k

k=0

Read: Bounding the Remainder P‘SOZ

If we can find a number that this error can’t exceed. we call it a
Lagrange error bound. This leads to another more usetul error

theorem.

(Prow'f\o_\ o\ ;UV\QTO'V\ CD‘W{,Y?QS b QK SE)’.UZS,

fuctkrial qrows fasler than
”02 —c’:;m:\tld -Fund'm?

Theorem 4: Remainder Estimation Theorem

If there are positive constants M and r such thdt U e
(a41) n+l € Maxitavm nomber -F (6) cou
[ )L Vi Itm all t between a and x. then the remamder
N+l den Ve O nchon
R, () ; in Taylor’ s ] Themem satlstles the 111(-:,quc111t\

e el | — a|”+ \ (c) (X-Q)
R, (x)| < (n+1)! R (x)l (n+1 )1

hese conditions hold for every n and all the other conditions
of Taylor’s Theorem are satisfied by f. then the series converges

to f(x). ——

[n the error formula, the only real mystery is what the next
derivative 1s and what the n+1 derivative 1s evaluated at some
point between x and a. It we can find a bound for that, we've
found a bound for the error...a Lagrange error bound.
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Let’s use these ideas to do a simple problem and then one that’s
not so simple.

(D x*
Prove that Z_(: (2&)[ converges to cos(x) for all x.
T Pover serus B
I".é_-l' +--R, (x) Cosiy)

For this to converge the 1emamdel must always go to zero as the

order of our polynomial goes to mhmt\ The remainder for the X
“(n+l) w
@) ) ,m

he
nth order is: £(¥)= (n+ } R‘\(’d‘.P G(::';l(

This approximation is centered at O so a = 0. This means we
have to pick a point between 0 and x to evaluate the n+1
derivative. This seems awtul, but we can_say s.omething unique
about the n+1 derivative. (The most it can be is N\ So...

Rarge cosx ls ‘.‘ ‘l

1(.\: _ O)H+l

The error can’t be more than (n+1)! In notation

R
o OIS Gy et

Sometlmes the derivative doesn’t work out as well so we have to
use the formula to come up with a Lagrange error bound.

?1+1

()|
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Example 4
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Example 5
In14%) zx--’?- I;J <]
-, < yz.1
|.50262

f(x\: h('-&x} (, )3 i)

g'(x\= l_-\t;

£(x) = Z_‘:_x\; @ 2. 74348
I 2 3
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33. A cubic Approximation of

2

3

X - - X . .
e" The approximation e ~ 1+x+?+g 1s used on small intervals

about the origin. Estimate the magnitude of the approximation

error for [x]<0.1 -4 £X £

2 3 ER
&% ‘.‘. ¥ -xr.t% orhl'

max (x—o\" fod= e*
,'R‘;(x) < __"‘-|_' _‘_u(‘a:ex

&) (x- N NER
IRs6)| ,r“(x T e

e (l Fi(oe”
R(&)l “ -“ w_‘w( ‘):;ﬁ
4, c.om R

. 000004 ~ ,qo48

L. Gwr Bound

@rafk.cgllj |e - (hx*%-c lf;)‘ & 42500

True ervor

~ . 'xz .
20. If cos x is replaced by 1= By and [x] <05, \what estimate

xZ

can be made of the error? Does |~ (EJ tend to be too large or
too small?  Support your answer graphically.
tos ¥ & 1-@;) 2nd ovder
Ix]<.5
".5‘ x‘os
Pm-hg

nd
= order 15 Some Qs L ovder
?s‘(;} Mull' é" '\'}3 on Remainder!

IR ()\ < ; (e\ (X-O)

roax o€ s
< | m“ wi
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< ,00260
P, is oo small ov bales X s
1|,drdi¢. apens down
Quphically €
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