Precalculus — 7.4 Notes
Powers and Roots of Complex Numbers

De Moivre's Theorem
If z=r(cosf+isinf) is a complex number and 7 is any positive integer, then

7" =r"(cosnf+isinnd)

Examples:
4
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Roots of a Complex Number Imaginary
axis
How many square roots does 4 have? +wo (2 ¢ - 2) [ cis [20° [eis &°
How many square roots does —9 have? x*- -9 1y ,-‘/_3_’ 1
; 1P s rfS9:=-%3, 2 2
How many sixth roots does 1 have? X =2

41X
It turns out that 1 has 6 sixth roots, and they

are distributed evenly around the complex plane. leis0’ Real 3L i3

2=
axis

cga]m‘,_e

Sixth Roots of Unity

The complex number a+bi is an nth root of the complex number z if (a+ bi)'Z =z

For any positive integer n, the complex number z = r(cosf+isind) has exactly n distinct nth roots given by

) .. 0 +360°k
the expression 7" (cosa +isina) where o =———— for k =0,1,2,...,n—1.
n
) . .. +2
In radians, the roots are given by PV (cosa +isin a) where o = Q—kn for k=0,1,2,...,n—1.
n

The first of the n roots has an argument of Q, and the other roots are spaced (@J apart.
n n

(The circle is divided evenly into n pieces.)
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Examples:
a) Find all of the fourth roots of the complex number —8 — 8i/3.

Y o o
=\ ™ = 9 290 +3L0°K _ , o o
-8%| /w B=av — 4 = o +907k

60", 150, 240", 330°

Tv{:aovwmﬁfa Sorm= R ais i, whave o= (Gp° 150°, 2’ 320°

atlor form:
2 Coos L07+i snL0)  2(os 167 S 15)  Aeoe Ao [ 410 2°)

Lz 2-C +51 L=, .
a5+ L) ( Z ) 2 ( 2 Z‘) A eos 230+ ( $in36)

6] (i) 1B\ a(E
3

b) Find all the cube roots of —125.

= \/;6 l’&6 tie (30°
@: I@D ‘R6|/3 - 6 l‘@f;’(ﬂo_,é = QDO + lQOolL

(aOD) {60':) %OD°

Tw'f]on pmetric form: S (i & Whexre o= (0% (86°, 365°

A+l foom: - ,
5( cos GO+ L $in (,o") 5 (Cos 1B FLsin (ao") ’3(609 Zpo + L Sin 20)
:6(’!{2—{-’@5‘[ - 6(—‘4—0[.) = 6(—1'-’,\@:-(‘3

B B

¢) Find all complex solutions to x* —27i =0.

X%ZQ?L%K:CL)Ioc wote £ 2L

*g— 273 5 706

T 23%- 3 AP T30 F - st 0%y
=9 3
%OD} |6DD) a?’bc

’%/cos 20+ L S 3°°> 2 (c 65 lébb—l—é §}.4 lgu") 5(co§ I ( §Pn2%j
f .
(’HJ—) 3 (-2 +L0) 2(5-1)
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