7.2 notes calculus

Antidifferentiation by Substitution

Chapter 7 gives us some techniques for finding integrals or antiderivatives.
Definition: Indefinite Integral
The family of all antiderivatives of a function f(x) is the indefinite integral of f with respect to x and is

denoted by I f (x)dx. If Fis any function such thatF/(x) = f(x), the [ f(x)dx = F(x) + C, where C
is an arbitrary constant, called the constant of integration.
J. is the integral sign, the function f is the integrand of the integral and x is the variable of integration

When we find F(x) + C we have integrated f or evaluated the integral.

Example 1

Properties of Indefinite Integrals
[k f(x)dx = k [ f(x)dx forany constant k

| 6 £g@ dx= [ feodx £ [ gaax

Power Formulas

n+1
[utdu = %+C,Whenn¢—1 fuldu = f%du= Inlul +C
Trigonometric Formulas
fcosudu= sinu+C [sinudu= —cosu+C
[sec’*udu = tanu+C [escPudu= —cotu+C
[ sec(w)tan(u) du = secu +C [ esc(u)cot(u) du = —cscu + C
Exponential and Logarithmic Formulas
u

fetdu=e*+C [atdu= —+¢C

Ina

flnudu= ulnu—-u+C

Inu uln(u) —u

jlogaudu = mdu =

Ina
Example 2 verifies Antiderivative formulas

Example 3 Paying Attention to the Differential



Here is a table that might be helpful in antidifferentiating functions

Indefinite Integral

Reversed Derivative Formula

n+1

) X d Xn+1 .
dex= +C, n#-1 — =Xx", n#-1
n+1 dx\ n+1
[Zax=njx+c D=2
X dx X
kx kx
Iekxdx=e—+C ae" g
k dx k
[sinkx dx=— 905K ¢ i(—COSka=sinkx
dx k
Icoskx dx=ska+C i(Smkszcoskx
dx k

J‘sec2 x dx =tan x+C

d
—tan x =sec? x
dx

jcsc2 X dx=—cotx+C

%(—cot X) = csc? X

J'secxtanx dx =secx+C

d
—sec X =sec xtan x
dx

Icscxcotx dx=-cscx+C

i(—csc X) = €sc xcot x
dx

n+l

Remember_[xn dx = X 1+C
n+
f F
Example: IXZ dx — X—3+C
3

Recall also the power for derivatives could be used even if the base was a function by using the chain rule

d (2x+1)° 5(2x+1)"-2
&x 5 5
d (u)™ u"-du

dx n+1  dx

The inverse of the power rule and chain rule together is the power rule for integrals.

n+1

+C n=z-1 if n=-1

ny. U
Iu du_n+1

then u”=1 = Ildu=lnu+c
u

u

This formula is very helpful, but often hard to recognize.




Example: J.(x3 - 2)4 3x*dx To find this we need an antiderivative of the integrand. The integrand is a

product. This is difficult to integrate. However, if we integrate using a “u” substitution this becomes
easy.

I(xe’ —2)4 3x% dx

3 2 4 u’ (X3 _2)
Letu=x"—2and du=3x dx:>.[u du :€:T+C
Check the answer by finding the derivative.

Do these problems:

_[(x+ 2)3 dx

J.«/4x —1dx

We do a “u” substitution when a function and its derivative (or a constant multiple of the derivative) make
up the integral.

#20 [ 28(7x2) dx

#17 I sin3xdx

From #17 we can see that some trig functions aren’t too bad to integrate.

Example: J'secz X dx

Example 4

Example 5



What about '[tan X dx

Since tan(x) isn’t in our integral table and it’s not the derivative of any function we know, we’ll have to
do something different. Remember that all functions can be written in terms of sines and cosines. Try
changing tangent to sin/cos

Itanxdx=f%dx

What do you notice?  Answer: sin and cos are derivatives of one another

So we should do a “u” substitution. But, which one is u?

u=sinx or U =COoS X
du = cos x dx du = —sin xdx
1 _1
doesn 't work J'—du
u

I_Tldu:—lnu+C:—ln|cosx|+C

COS X

or In +C or In|sec x| +C

Substitution in Indefinite Integrals
j f(g(x))-g'(x) dx = j f(uydu  Substitute u=g(x), du=g' (x) dx

=Fu)+C Evaluate by finding an antiderivative F(u) of f (u)
=F(g(x)) + C Replace u by g(x)

Example 7:



Substitution in Definite Integrals
Substitute u = g (x), du =g’ (x) dx and integrate with respect to u fromu=g (a) to u=g (b)

[ F(900)- g'(x) dx = jgg(‘:)) f (u) du

Example 8 J'OX tan xsec’x dx What makes this problem different?

Continue on as normal with u = tan x and du = sec? x dx

z (tan ”jz
y 4 2 |2 T 2
If“du{u?]l_ 4) (o) 1,1

2 2 2 2

0

Or change the limits of integration by evaluating u at the limits.

L 2T
Jt ‘udu = 1udu={u—} =1—0=1
tan0 0 2 0 2 2

It’s the same either way. You just have to decide if evaluating “u” at the limits saves effort. Usually it
does.

Example 9



