Precalculus— 4.5 Notes
Graphing Sine and Cosine Functions

Any equation of theform y=asin[b(x-c)]+d witha# 0andb# 0 isasinefunction. Itsgraphiis

called asine wave, sinusoidal wave, or sinusoid. The graph of any sine function is a transformation of
thegraph of y=sinx.

*  Assume x isin radians unless the problem specifically statesthat it isin degrees!

Asthetermina side of an angle rotates around the unit circle, how does the value of the sine change?
e From 0to #/2, thesine_Mcceases from_o to I

- From z/2 tox, thesine_decreases,  from_ | to_ O
e From zto 31/2, thesine decrease<  from_ & to -

e From 3z/2 to 2z, thesine (Mcveases  from_—1 to_ 0O

e Thecyclerepeats.

Because sin(X+ 2z) =sinX, the shape we seein theinterval [0, 2z] repeats on the intervals
[27,47], [4r,6x], [-27,0], [-4=,~2x], etc.

A repeating function like y =sinx iscalled aperiodic function. The length of the smallest non-
repeating unit is the period of the function. The period of y=sinx is 2z. Thegraph of y=sinx over
any interval of length 2z iscalled acycle.

The graph of y=sinx over [0,2x] isthe fundamental cycle.

Key pointson thegraph of y=sinx:

X 0 /2 w 3r/2 21
y=sinx O ( O — |

O

(STP
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Astheterminal side of an angle rotates around the unit circle, how does the value of the cosine change?

From Oto /2, thecosine_Adecresses from_| to_O

From /2 to x, the cosine decveases from__ O to_—)
from —| to O
From 37/2 to 2z, thecosine_[ncreases from_¢O to_ |
The cycle repeats.

From 7 to 3r/2, thecosine | Ncveases

Because cos( X+ 2z) = cosx, the shape we seein theinterval [0, 2] repeats on theintervals
[271',471’], [471', 671'], [—271',0], [—47r,—27r], etc.

The graph of y = cosx has the same shape asthe graph of y =sinx, but it is shifted to the left by a

distance of x/2. For this reason, the graph of y = cosx isalso called asine wave.

The graph of y = cosx over [0,2z] is caled the fundamental cycle of y = cosx.

Key pointson thegraph of y=cosx :

/2 | 2

y = COSX ] )

The effect of changing the value of a:
The amplitudeof y=asinx ory=acosx s [a|. The amplitudeisthe “height” of the sinewave. Itis

half the difference between the maximum and minimum points on the graph. If a is negative, the graph
isreflected over the x-axis.
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Examples: Sketch the graphs of the following and determine the amplitude and range of each.
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The effect of changing the value of c:
The phase shift of the graph of y=sin(x-c) ory=cos(x-c) isc. Notice that the sign of cisthe

amp = S Cange.: Es)r—g]
opposite of the sign in the equation. This means that the graph is shifted ¢ unitsto theright if cis
positive, or ¢ unitsto the left if ¢ is negative.

Examples: Sketch each graph and find the amplitude, phase shift, and range of each function.

y:(;os(x—n-/4) yZZSin(X+7l'/3)
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The effect of changing the value of d:

Thevertical trandation of the graph of y=sinx+d ory =cosx+d isd. Thismeansthat the graphis
shifted d unitsup if dis positive, or d units down if d is negative.

Examples: Sketch each graph and find the amplitude, phase shift, vertical shift, and range of each

function K05¢+54¢¢+¢h:mutf_ Y's by 2
y=sinx+2 4 2 y = 3cos(x-x/6) -1
LA
y
3 44
3.l
(072 (% 2 L\/‘-‘)
—_ }—'\— —_- - - ——-74- -~
I_

1‘ﬁ QM)O =3
B omp = [ Ph_g»:f-@-{: :’%
A pPh.Shift =0 V- ?_l’\\‘\:'t = ~;___(
V. ShifE = 2 range « (-4,
range: [0,3] ¥ jo & 0w = @
T | 2 w,«;/j I
@ = v 2 oap Tele F e =
1 ) -1 e
s o #
Y| 2 l/$ 3 : = x5 3 o -3 < >
4\9\ w 4 ‘ a2 _\ .,b’ -—‘

Examples: Find the equation of each sinewave in itsfinal position.

1. Thegraphof y=sinx isstretched by afactor of 2, reflected in the x-axis, shifted /5 unitsto
the right, then translated 4 units downward.

N = 2 SN Y
\/:—Q Siv) X

Y= -2 sm(x—f—})j
N=E= -2 s (x—%)—4

2. Thegraph of y=cosx isshifted z/3 unitsto the l€ft, translated upward 2 units, then stretched
by afactor of 2.

g = cos(x+ %)

gy = oo (% + L) +2

V= 2 EC%CK*%\%@ — Y= Qcos(x+%>+<(
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Examples: Find an equation of the requested form whose graph is the given sine wave.

y=asin(x-c)+d

%
.
3_
2
1+
t } / X
14 T \_24{
v ‘ .
amp- L 2

V=2 sin(x-TL)+|

o
M‘g\,\\&

o5

¢
The effect of changing the value of b:

y=acos(x-c)+d

y= 2 cos (x+1r) -2

<\7: -2 cos (x+2T) - 5

¥: - eeo(X) -2

The period of the graph of y =sin(bx) ory = cos(bx) for b>0 is P = 2z/b. This means that there are
b cyclesevery 2z units. The frequency, F, of asine wave with period P isdefined by F =1/P =b/2x.

Examples: Sketch the graphs of the following and determine the period and frequency of each.

y = cos(x/2)

y=sin(2x)

pe/("xod( - T
\f Qre%ueﬂ(‘,\/ = 7\1‘1'—
sn(2:0)= §in © = O
& (g;%): ain(T)=|
<N (Q' % =gin(M)= O
S é@%‘% z %M[%E:-l
S CQ’LT) = 6}/\(91-\") =0
sin (2-58) = gin (EX)= |
W CQZ’J,;/) - Q?V\@,TQ:O

\ ?e)(; b&- = CL"U' 1
J’r’fe%ue\nc\/ = dn

Sl B

o | cos (%)= o O = |

T | Cos CW/’JB =0

7 | Cos (FV5 95 = Cogﬁﬂ_): — |

217 |Cos (3%/a)= O

Har\cos (4Ta)= cos(am)= |
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The general sinewave:
Characteristics of the graph of y=asin[b(x-c)]+d ory=acos|b(x-c)]|+d:
- Amplitude: [a
e Period: P=2z/b
e Frequency: F=1/P=b/2x
e Phaseshift: ¢ (Remember that the sign of c isthe opposite of the sign in the equation).
o Shiftright for c>0.
o Shiftleftfor c<O.
» Vertical trandlation: d

o Shiftupfor d>0.
0 Shift downfor d <0.

Stepstograph y=asin[b(x-c)]+d or y=acos[b(x-c)]+d:
Start with the five key points on the graph of y =sinx ory = cosx.
Find five key pointsfor y =asin[b(x-c)]+d ory=acos[b(x-c)]+d:

1. Divide each x-coordinate by b (adjusts period) and add c (phase shift).
2. Multiply each y-coordinate by a (adjusts amplitude and, if necessary, reflects graph over x-axis)
and add d (vertical shift).
3. Sketch one cycle of your graph through the five new points.
*Note: Order isimportant. Multiply or divide first (stretches/compressions), then add (shifts).

For those who prefer to do things visually:
1. Determinethe vertical shift and draw the midline.
2. Determine the amplitude and draw dashed lines across the maximum and minimum values.
3. Find the new x-coordinates:
a. Usethe phase shift c to determine where the cycle begins.
b. Move one period to the right to determine where the cycle ends.
c. Dividethe period by 4 to determine how far apart the key x-coordinates are.
d. Determine the coordinates of the key x-coordinates.
4. Duplicate the shape of the fundamental cycle of the parent graph through the new x-coordinates.
(Remember to flip it upside-down if a is negative.)

Sine: middle-top-middle-bottom-middle Cosine: top-middle-bottom-middle-top

* Note: Feel freeto combine the two methods. Personaly, | prefer to deal with vertica
adjustments (amplitude and vertical shift) visually, and adjust the x-coordinates using key points.



Examples. Determine the amplitude, period, frequency, phase shift, and vertical shift of the following.

Then sketch one cycle of each graph. Draw and label your own axes. for HAi'e ouf Firskl
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Examples: Find an equation of the requested form whose graph is the given sine wave.
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