Precalculus — 4.4 Notes
Circular Trigonometry

The six trigonometric functions are the sine (sin), cosine (cos), tangent (tan), cosecant (csc), secant (sec), and

cotangent (cot) functions. We saw how to define sine, cosine, and tangent in aright triangle. Cosecant, secant,
and cotangent are their reciprocals.

Reciprocal |dentities: csch = i secl = N coté = 1
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We can extend the definitions of the trigonometric functions so they apply to angles
with any measure, rather than just acute anglesin aright triangle. If (x, y) isapointon - - A

the terminal side of an angle @ in standard position, we can draw atriangle by drawing \'\ B |
a segment straight up or down from the point to the x-axis. The triangle haslegsx and y St !

(these may be positive or negative) and hypotenuser, where r = /x* + y*. If fisan

angle in standard position, then the reference angle ¢’ (read “theta prime”) is the angle v
between the terminal side of the angle and the positive or negative x-axis.

The diagram below shows what reference angles for anglesin different quadrants ook like.

The technical definitions of the six trigonometric functionsinvolve x, y, and r, but if you want to think in terms
of SOH-CAH-TOA, draw atriangle and look at the legs opposite and adjacent to the reference angle.

Definitions of Trigonometric Functionsin the Coordinate Plane
If (x,y) isapoint on the terminal side of an angle ¢ in standard position and r =+/x* + y?, then

e e A sin =o_Y cos -ﬂ_— tan(g:o_ppzl
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The signs of the trigonometric functions depend on the quadrant in which the angle lies and the corresponding
signs of x and y (remember r is always positive).

Quadrant Il: x: _— y. _+ r._+ Quadrantl: x:__ + y: _+ r._+
snf=y/r and cscd =r/y:_+ snd=y/r and csch =r/y:
cosf =x/r and sech =r/x:_— cosd = x/r and secd =r/x:__+
tand = y/x and cotf =x/y:__— tand = y/x and cotd = x/y:
Quadrant I1l: x: _— y.  — r-__+ Quadrant IV: x: _ 4 y. _ — r._+
snf=y/r and csch=r/y:_— snd=y/r and csch =r/y:
cosf =x/r and sech =r/x:_— cosd = x/r and secd =r/x:__*+
tand =y/x and cotd = x/y: -+ tand = y/x and cotd = x/y:
Examples:

Find the values of the six trigonometric functions of the angle o in standard position whose terminal side passes

T

through (-2,-4). - {Corriay - [35=205
_ {-_ J5
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Find the values of the other five trlgonometrlc functlons based on the quadrant of the angle and the value

of the given function. M.
1 12 ¢
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We can find the use the ratios that exist in special right triangles to cal culate the coordinates of points on the unit

circle. o
1
c 2= at+o*
* (‘,4‘: ‘;La.l
c=3aa%
¢c=adJa

hypotenuse = leg 3/2

]cg - hjEO'\{ﬂUﬁC
NEEY

Figure out the values of x and y in the triangles below:

ARt = (aa)

b A%+ b2 =4a”
b*=z 3a*
b= 3a?

b = ad?

hypotenuse = 2 [$hort leg
long leg = short leg Q/3

_(’3- - )
Y =2 %
:(g n h \ =5
leg= ¥P _ 1 Short leg= 9@ =
L \r'é_ LQ lOY\ﬂ \{_ﬂ Short |€6 R E
{2 = "9_
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Since the radius of the unit circleis 1, the values of the trigonometric functions for any unit circle angle can be
calculated easily from looking at the coordinates.

sinH:X:y cos@zf:x tanQ:X

. r r X

On the Unit Circle (r =1): - - .

csch =—=— sechd=—=— cotd = —

y 'y X X y

Notes
* £=£G\/—§=£ V2. (Thlsmakeﬁsensebecausei|sthereC|procaI of\/E dﬁisjust

V2 22 2 J2 2 2

another way of writing % which has areciprocal of \/5.) Please do not write any answers as ﬁ

Y ou need to know that i = x/§.

J2
* L 1 2 :i. This answer can aso bewrittenasiEI\/—ézﬁ. Knowthati andﬁ arethe
f/z 23 3 J3 fs 3 J3 3
2J§

same number. Either form is acceptable. The sameistrue for ﬁ and —

Examples: Find the exact values of the foI lowing:

1. §in 0° 2. cosm 3. tan (-7/2) 4. csc (-270°)
- 1
o) J 7 =11
(1,0) & O)
5. sin (z/4) 6. cos (-225°)
)
*_
9. sin 30° 10. cos (77/6) 11. tan (-7/3) 12. csc150°
Y Y- <+ m

‘ ><
wl-

Ny
1]
d
1
I

L

13. cot (-240°)

RS VA=)

N _@/9.

pt "'_‘__ o(—,@
N3 3
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Inverse Sine, Cosing, and Tangent Functions

sin™x or arcsinx istheanglein [-90°,90°] or [-%,% | whose sineisx.
cos™ x or arccosx istheanglein [0°,180°] or [0,z] whose cosineisx.

tan™ x or arctan x isthe anglein [ 90°, 90°] or [ -%,% ] whose tangent is x,

Examples: Find the exact values of the following, in radians.

1. arcsin(%j 2. cos‘l(gj 3. arctan(\/é) % - 382
E a
6 [1 EI ﬁ =
= 2

N
5. cos‘l(—gj beg"geﬁr‘/\ 6. arctan(—\/éj vie:l:\;‘pci 7. arccos(~1) berween

=t O£y

E:_,L \/—Y\CGI
Sr "2 T epes
Lo _-\/=

3=/~
Nz I not 1L SR @DJF%D [
o - /Q- C9

9. arcsin(0) between 10. arccos(%j 11. sin™*(1)
LT

=

4.sin™? —l
2

betnren
..'n" % 'TT

-%I

I (Net

oy S-w |

(_9 1

8 tan” ( ) between
v, =R
~ =1 & Y Negahye,

—rz_x[z X POSi‘H\M_
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