Precalculus— 4.1 Notes
Angle Measures, Arc Length, and Sector Area

An angle can be formed by rotating one ray away from afixed ray indicated by an arrow. The fixed ray
istheinitial side and the rotated ray isthe terminal side. An angle whose vertex is the center of acircle
isacentral angle, and the arc of the circle through which the terminal side movesisthe inter cepted
arc. An anglein standard position is located in a rectangular coordinate system with the vertex at the
origin and the initial side on the positive x-axis.
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Degree M easure of Angles
The measure, m(a), of an angle a isthe amount of rotation from the initial side to the terminal side,

and isfound by using any circle centered at the vertex. An angle that forms a complete circle arc is 360°.

The degree measur e of an angle isthe number of degreesin the intercepted arc of acircle centered at
the vertex.
Counterclockwiserotation—positive angle Clockwise rotation—negative angle

An anglein standard position is said to lie in the quadrant where itsterminal side lies.
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Straight angle
Acute angle

Obtuse angle Right angle

Acute angle—An angle with a measure between 0° and 90°.
Obtuse angle—An angle with a measure between 90° and 180°.
Right angle—An angle with a measure of exactly 90°.

Straight angle—An angle with a measure of exactly 180°.
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Example: Draw each angle in standard position, then name the quadrant in which the terminal side lies.
a) 255° .° b) —650° c) 1360°
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Minutes and Seconds

Historically, angles were measured by using the degrees-minutes-seconds (DM S) for mat, but with
calculatorsit is convenient to have some fractional parts of degrees written in decimal form. Each
degreeisdivided into 60 equal parts called minutes (n'), and each minute is divided into 60 equal parts
called seconds (n").

1 degree = 60 minutes 1 minute = 60 seconds 1 degree = 3600 seconds
1 min = 7;1— deﬂ | ¢ec = 36:ood
Examples. Convert each angle to decimal degrees. When necessary, round to four decimal places.
a) 18°24' b) —10°15'42" c) 27°10'20"
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Examples. Convert each angle to degree-minutes-seconds format. Round to the nearest whole number
of seconds.

a) 56.6° b) —17.45° C) 28.348°
%— . ‘LOMM = 36 min 454& GO min_ 27 min Eﬁfﬁﬁ Eowin T~ 0.8 min
l | deq . | den AT
o 1 . Sb t G [ —_
. ) l a8 20 52.8"
Examples. Perform the indicated operations.
e] 4 o ” O/ o ! 14 150 56' 45"
a) 15°56'45" + 18°12'33 b) 36 5'—22°33'12 c) —
_'3,'_9;51 o 2
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Examples. Find the degree measure of angle « in each figure.
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Unit circle: A circle of radius onethat is centered at the origin.

What is the circumference of the unit circle? (Circumference of acircle:C = zd = 2ar )

C=2w() =27
What is the arc length intercepted by a 180° angle (1/2 of the circle)?
ar

What is the arc length intercepted by a 120° angle (1/3 of the circle)?
2T

)

3

What isthe arc length intercepted by a 30° angle?
T

—

Z
What isthe arc length intercepted by a 225° angle?
51,
o
What isthe arc length intercepted by a 210° angle?
v
o

Y ou have just calculated the radian measure of each of these angles.

The radian measur e of the angle a in standard position is the directed length

of the intercepted arc on the unit circle. Directed length means that the radian
measure is positive if the rotation of the terminal side is counterclockwise and
negative if therotation is clockwise.

Oneradian: The angle that intercepts an arc with length equal to the radius of acircle. (On the unit

circle, one radian is the angle that intercepts an arc of length one.)

W57

. Radian
- measure
of a

1 rad

-1

VoA
|
/‘\ __0.01745 rad
kjl |

=1

1

(£

I x

Unit circle

Since the radius of the unit circleisthe real number 1, without any dimension (ft., meters, etc.), the arc

length, and hence the radian measure of an angle, is aso area number without any dimension. Thus,

oneradian (1 rad) isthe real number 1. If an equation asks you to find “all real number solutions” and
the variableis an angle, it wants the solution(s) in radians. If an angle measure is given without a degree

sign, assumeit isin radians. If you write an angle measure and don’t write a degree sign, | will

assume you mean radians!
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Converting Between Radians and Degr ees:
Since there are 2z radiansin acircle (the circumference of the unit circleis 2z) and 360° in acircle,
2z radians = 360°, or z radians = 180°.

7 rad Radians- Degrees: multiply by 180 :
T

Degrees— Radians: multiply by

180°
Examples:
Convert the degree measures to radians: Convert the radian measures to degrees.
a)(100°> T+ rad b)(—27.23 T ad a) (- J ‘50 b)éa? radian% [86°
— 12 e
(BO° B0

100 5Tr _ _ leo : = [996.8°

Examples. Draw each anglein standard position and determine the quadrant in which each angle lies.

5r v .{— Ak an
g-2 Ciaees BT UL 9Bs #pres g -2s
et
W = -
\\\-ﬁ |2.57F /3"4

._.‘_6'+

Theterminal side of an angle may be rotated in either a positive or negative direction to get to its final
position. It can aso be rotated for more than one revolution in either direction. Two angles with the
same terminal side are called coter minal angles.

Coterminal Angles—Angles a and  are coterminal if and only if thereis an integer k such that
m(8) = m(a)+360°k or m(B) = m(a) + 2zk. To find coterminal anglesin degrees, add and subtract
multiples of 360°. To find coterminal anglesin radians, add or subtract multiples of 2z. Make sureto

find a common denominator.
Examples. Find two positive angles and two negative angles that are coterminal with each angle:

I = T
a) 23° - b)-146° -144° ©) Ligr. d ——+§1=h 14 14
i’sw" e )+3ceo -?',i(& ) 3 3"3‘3‘" ) 4 4 %a +)2fr -2
4_5(’0’ —3606° -|—?>(IO 3&70 2 3 > 1 %Tr T a ) 4+ 2T - 2T
Goy L) B bEed 1%‘% I o i N (5

Examples. Determine whether the angles in each pair are coterminal:

a) —128° and 592° b) 8° and —368° ) 37” and 9—2”
5927~ (-128”) =290 8% (-36%) = 336°
not' o mult Ir_3m . e =
mult o€ 3¢° of 2L0° 2 Lo e 7~

okt

Not  coterminal
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Arc Length
Often, we want to find the arc length (s) on acircle of radiusr, intercepted by an angle «. We can do this
by determining what fraction of the circle we are looking at, then multiplying by the circumference of

thecircle. +Fraction of circle o
v Cire
o g omtberen oo
Degrees: s= (Prr
360°

. a . . .. .
Radians: S:Z—E?_nr or S=ar Thisformula only worksif a isin radians!
7T

Examples:
A central angle of z/2 intercepts an arc on the surface of the earth that runs from the equator to the

North Pole. Using 3950 miles as the radius of the earth, find the length of the intercepted arc to the
nearest mile. , = oty

(ﬂ> (2150) & —

arc (s Tf[ of circumterence, so

S - o920 alemes m]
A wagon wheel has of 28 inches and an angle of 30° between the spokes. What is the length

of the arc s (to the nearés unredth of an inch) between two adjacent spokes?

C-= d= ABT i
>‘P Tr:%oo) (: sv';r m) <
‘k\ 26 = %O;A — S=xr—> S=<%)O4M>"t

Area of a Sector of aCircle

Finding the area (A) of a sector of acircle of radiusr with central angle a, is similar to finding the arc
length:

Determine what fraction of the circle the sector makes up, then multiply by the area of the circle.

agp’r,xc-ha:ra(: ciccle A
Degrees: A= = (&r 2 &avren of circle Y;e:(cib{:r
2

Radians: A:Zil]krz or A=7 Thisformula only worksif a isin radians!
7T

Examples:
Which is bigger: adlice of pizzafrom a 10" diameter pizza cut into 6 slices, or aslice from a 12"
diameter pi zzacut into 8 dlices?

Area of pizza: Area o_f piE2as -15 of the Q" diameler
WEY= 26 in* (@)= 3oty in™ piz2a it biggectan
' Acea of slice: Aven of glice: + of +he ‘D"d\hmckr

53 -
A5 2o g Przza.
-k BN e

A center-pivot irrigation system is used to water a circular field with radius 200 feet. In three hours the
system waters a sector with a central angle of z/8. What area (in square feet) is watered in that time?

Ao DO < Rosdo 7]
ﬂ"‘

okt br

r Arer o€ cide= ’T‘CQD&
?(3—— = -TC— o the acde =440, ocooT ft*

Sector areo= g L"{O,ODO‘W}qu‘ﬁéL‘ No R aoial
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