Precalculus — 2.7 Notes

The Graph of a Rational Function

Analyzing the Graph of a Rational Function
1. Completely factor the numerator and denominator.
2. List the key features of the graph.

e Domain: Set the denominator of the unsimplified function not equal to zero and solve.

e Xx-intercept(s): Set the numerator of the ssimplified function equal to zero and solve.

e vy-intercept: Plugin x=0. (You can do this before or after simplifying the function, but
remember, if zero is not in the domain, the function has no y-intercept.)

e Holes: Find the x-coordinates by setting factors that cancel out equal to zero and solving.
Find the y-coordinate by plugging the x-coordinate into the simplified function.

e Vertical Asymptote(s): Set the denominator of the ssimplified function equal to zero and

solve.
e Horizontal or Obligue Asymptote:

o

If degree of numerator < degree of denominator, the graph has ahorizontal asymptote
a y=0.

0 If degreeof numerator = degree of denominator,the graph has a horizontal asymptote at
. _leading coefficient of the numerator
theline y = - — . .
leading coefficient of the denominator
o If degree of numerator > degree of denominator, (by one), the graph has an oblique

asymptote of y=nmx+b, m# 0 found by performing long or synthetic division.

If degree of numerator > degree of denominator, (by more than one), then R has neither
a horizontal nor an oblique asymptote, but the end behavior can be determined using
long or synthetic division.

3. Usethe x-intercepts and vertical asymptotes as critical pointsto divide the graph into intervals.
Plug in values of x on each side of these points to find out what the graph is doing in each

interval.
4. Analyze the behavior of the graph near each asymptote.
5. Put together all of theinformation to graph the function.

X+2 _
X =97 (x+B)(x-)

Example: Analyze the Graph of the Rational Function R(x) =

Doman: (xa3)(x-B) %0

Tr|xt-3,33
X-int: xX+a2=0
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Example: Analyze the Graph of the Rational Function R(X) =—
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Example: Find arational function that might have the graph shown below.

*

y
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Note: If the graph goes the same direction on both sides of an asymptote (approaches « on both
sides or approaches —c on both sides), the related factor in the denominator has an even
multiplicity. If the graph goes in opposite directions on the two sides of an asymptote (approaches
co ononesideand —c on the other), the related factor in the denominator has an odd multiplicity.
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Example: Finding the Least Cost of a Can

Reynolds Metal Company manufactures aluminum cans in the shape of aright circular cylinder with a
capacity of 500 cubic centimeters. The top and bottom of the can are made of special auminum aloy
that costs 0.05¢ per square centimeter. The sides of the cans are made of material that costs 0.02¢ per

sguare centimeter.

a) Express the cost C of material for the can as afunction of the radiusr of the can.
Combined Area oL top & bO'H‘DVM s ATl emt
Acea o€ Si des cdmech em®

Cost - é;n-r"><o. 065 + (2t l/\\>(o. o Q)

Cost = O.lrv™ + 0.04dd1TTe

\/= ’m:“f\ 5210 ™ C()= O-lrez+ O. 047«((600
T~ «® v
h = ?ﬁ‘\’fg /VCC"B’—‘ O. ]TTT2+% C,er\Jcs)

b) Find any vertical asymptotes. Discuss the cost of the can near any vertical asymptotes.

Clay:- o, lﬁr'l(f‘;) g ;Y%

CL{‘) = O.lT\"‘/g—-}-QD (\‘ et . &Q\/mp-_ = D\
V'S TNe (ost beeomes extremely hfﬂ\/\ a%

‘e v-o\a“us &FFWAQ\/\LS O Ee_ca_use -{’b\z

"\"‘ﬂh+ weovld haye o increage o kkeep +ma

Velowe 0€ fe jJar constant | which woovld
c) Use a graphing calculator to graph thefunction C=C(r). Mcréase Hae cost 0§ Hae

N 7 s for ke sidesal e
Cawn,

d) What value of r will result in the least cost? What is the |east cost?

MORMAL FLOAT AUTO REAL RADIAM HMP ' H (‘adius b»? &bbu"' 2 3 cm L()‘H

CALC HIHIHUH
Yis lmH2+207K

vesuvlt in +we least coct The

lﬁas—]— cost TS ﬁ.5¢,

692041 ¥=9.4661827
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