Precalculus— 2.5 Notes
The Zeros of Polynomial Functions

Remainder Theorem: If apolynomial function f (x) isdivided by x~c, then the remainder is f (c).

Example: Find the remainder if f (x)=2x*-3x*+1 isdivided by

a) x+1 b) x-3
£ = 2ED2=3 (Y + | £(2)= AR - 33+
= A-D -3+ = 2(2F) - 3+
= -g2-3+1:F4) =54 -2F+1=

Factor Theorem: If f isapolynomial function, then x-c isafactor of f(x) if andonlyif f(c)=0. The
Factor Theorem means that:

a If f(c)=0, then x-c isafactor of f(x).

b) If x-c isafactorof f(x), then f(c)=0.

Example: Use the factor theorem to determine whether the function f (x) = 4x* -15x* - 4 has the factor
a) x-2 . b) x+1
£(a) = 4(D' 15(D7-4 D= ACDt-15¢-)* 4
= 4E)=15(4) -4 = (- 1s¢y A [not 4 factor|
=GH-0-4 = O cd-1g-4g =—13
Number of Real Zeros Theorem: A polynomial function cannot have moreqreal zeros than its degree.

Rational Zeros Theorem: Let f be apolynomial function of degree 1 or higher, where each coefficient is an

integer. The possible rational zeros are al numbers B, where p isafactor of the constant, and q is afactor of
q

the leading coefficient of the function.

Example: List the potential rational zerosof f (x)=3x"+4x° + 7x* +8x+ 2.
Factors of constant (2): £\, £ & Toe
Factors of lezdi 0% coefCicrenst () 21 t32 & Botowm
ZPT‘\‘U\—HM vatienal zeros: 1, =2, t5, 3‘3’\
Example: Find the rational zerosof f (x) =3x*+4x° +7x" +8x+ 2.
Uece calevlator 4o plog each potential cational zero
oWt list above (o the Fonction.
$(N=24 £(/%)= 56296

_FC_\'):D -CG‘/GA:D -

(D212 £(ARYT 1A @“%OM‘ Zeros: —13 4 |

((D=30 F(F)--0.8\5
Theorem: Every polynomial function with real coefficients can be uniquely factored over the real numbersinto
aproduct of linear factors and/or irreducible (prime) quadratic factors.
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Finding the Zeros of a Polynomial Function:

1
2.
3.
4.

5.

Use the degree of the polynomial to determine the number of zeros.

Use the Rational Zeros Theorem to identify the possible rational zeros.

Use substitution, synthetic division, or long division to test each potential rational zero. (It's easiest to
use the Factor Theorem — plug the potential zeros into the function and see which ones give you 0.)
Each time a zero is found, use synthetic division to rewrite the function in factored form. Repeat step 3
on the depressed function (the function that remains after factoring out alinear factor).

Once the depressed function is quadratic, you can factor it or use the quadratic formulato find the
remaining zeros.

* Don't forget to use factoring techniques you already know to help you find the zeros.

Example: Find all of thereal zerosof f (x)=2x" - x* -5x* + 2x+ 2. Use the zerosto factor f over thereal
numbers. Deqree ‘t—> max of 4 ceal zeos

Foctorae of constant (93 ~ Yy, ta <« +b\°
Factore of leading Coefficient ()1 1, £t < botrom

Poterhal caviona) zoros: =1, +», = 4 Test in caleolodor: KO=6 £(5) =0
\ =z -t -5 2 2
(-5 ax ) b 2 Vv -4 -2
i -2l g [ -4 -2| oe— ) = (D) (R4 X 4% -2)
Can®sx® dx-3) y -l o 2 £6) = =D (x+ D)
T (x+5B) 2L O -4 t o K - _ j g
£0) = 2D +5)6=2)

x*_2=0 [Zeros: ,—%)ﬁ,—ﬁ'
x*=9 Foctored form:
X =202 g6z ale-Olxr B -FD(x+2)

Example: Find al real solutions of the equation 2x® - 3x* -3x-5=0.

Sawme ag astivy “Eind all Hhe veal 2eros of £6) = DB~ BxRe By =5

De,@(ee 2 2 Max 2 ¢oluhong

Faclore of constant ) LV +5

Factors of leading mefGicient D 2LE2 Lo saaolader: £(2)70
Po{'ﬁ\/\'&‘iA\ Y‘a-\*loﬂﬂ\. 2EeYD< i\,i% f'l?g t%

Compl

2l 2 -3 -3 -5

Cx—§—>CD.xl F A+ L) = O

v 5 5 5 o _
9 I 3 ‘ o QCX—%)CX°-+><+D:O X= = lS“'\\/\f
i 2 only ega
=2 or X= VR ek (GIC) SolutHov
= '9.(_\')
ex Zero: A complex zeroisintheform a+bi or a-bi. x=-1%J=3 _ |+ = eiMAj{Mry
o) - ——

2

Fundamental Theorem of Algebra: Every complex polynomial function f (x) of degree n=1 can be factored

into n

I O

linear factors (not necessarily distinct) of the form f (x) =a, (x-r,)(x-r,)...(x~r,), where
r, are complex numbers. That is, every complex polynomial function of degree n=1 has exactly n

complex zeros, some of which may repeat.
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Conjugate Pairs Theorem: For any complex polynomial function, if r =a+bi isazeroof f, thecomplex
conjugate T =a-bi isasoazeroof f. * Imaginary solutions always come in pairs.

Corollary: A polynomia f of odd degree with real coefficients has at |east one real zero.

Example: A polynomia f of degree5 hasthe zeros 2, 3i, and 4 + i. Find the other two zeros.
-3C & 4-¢

Example: Find apolynomia f of degree 4 that has the zeros 5, 3, and —2 +i. other 2oro: —2-L ‘
ZEexDS: X=25 ~=-3 x:—;2+L x = —SZ—L:
factocg: X-B20 x+B-0 xXr2-L=0 X+2+L=0C

— £00) = (x=D(x+D(* +2-L)(x +2+1) = +2 -
(- R 3) £40) = (2= - 18)(X* +d %+ D) il +2x7_§%
= Xt -Sx —15 * R i 44 ;;:_ﬂ

:xq‘-—&x—lg +U %;2{ ;L'H\

< ZrdXt+5

(4300"— X 1B X —FOx—FD '

Example: Find apolynomial f of degree 5 with thefollowing zeros: 1,i, 4 —2i. other Z2evros: —( | 4+ ?f
Zeros: %= Y=L oy x=4-2( = 44l
factors: x-lzo0 X-(=0 X+ 120 X -41R1=0 X-4-RL=0

06 = (x - 3= DOt V) x4+ 20 (% -4-20)

6D 0y (oY x D) (=B +20)
E/

B A

= x* 41

C’)L/—D(?\> Xa___ X1_|__ ~ — \
N — 2[ 8|4 +X3 _XQ

IEVESSED S XX ><3

= YR - By | -8t B *8x1t+8><

120 [HOR-204]+Dd-20

(5[5_- WA= 293+ 28x—ag
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Example: Find the complex zerosof f (x)=2x*+ x> -35x* -113x+65. Write f infactored

—_—
form. DCﬂf‘Cf— 4 H Complex Zeros Potenwhial vedional zerss:
Factors of constant (656): £1,165,15,E13 T, 265 15,%13 5 i’%sli%’i%
- - -~ . - ; ! :
Factors of leading coeficient (B: T\, 2 2 D0 4(H)=0
sl 1 =35 -u3d s
UV lo 55 100 -65
'é_] L 1V 20 13 \ o
A e '3

\ ot
2L 12 2206 | o (26@53 S, 7,73t 73 2L

£ = (e~ R G R4 3e) factored form: -
L) = Q5N x5+ G X 1) £() = 2 -8) - XS P

x= -t Je (D _ 6t _—Gtdi. .o
a(_\) B 2 o)
Example: Find the complex zerosof f (x)=x*+3x° ~19x* + 27x~ 252. Write f infactored form.

D%ree 4—% Ll CDMPIC_X Zzexos

+3 1+ 236G
Factocs &% constant (@%2): *\, 1352, 2, T126, T3, B4, T, D, e rd42 13,13
£9,+£28 112,121,114, 215

Factors of \ezuiiv\g Coeffiacent (D): t) Potential rational zecos
StH=0  fEF)=0

O+ 3420

E

4 1 3 -1q a3 -2s2 LGD)= Q‘—LDCX*':?—)CXQ‘V“D
4 28 20 232 Prg= o Zeros : 4,-’-*,’5@—3&!
31 3 9 63| o w2=-g Tt Cocrm:
4 -t o -3 X=rJTq (—QQ«}: QL-:D(»«-F—DQL—%QQ&%‘Q
| o o NERAY

Example: One of the zerosof f (x)=x"-2x*-3x?+10x~10 is 1+i. Find the remaining zeros.
-1 15 alse «a =zexo. Nevie of Hnae psotential

. : rational zeros work.
(X‘\"J%‘ 6“‘*0 oxe facters,

So CX—l-DCx-HD = X2 aAx+L s
dso o Factor.

W=\~
W | |-x —j? X"’—’;x%—?;xz-}-lbx—lo‘; (x‘—;%u—;DC ?>
- —Xmﬂ_ KQ“—- o) 'Rtmﬂiv\;mﬂ ‘G‘O-C‘\'OT‘
+ A ®*- Q”‘*';ﬁj—ﬁ%:—:%x%rwxﬂo s xoS
—_ — 2
3= A% +2 &1-ax® +ax®) B
=5%x* +10% - D xS
—(-5x*+|0% ~1o) X =35

O

&UNWN\Q 2exoe- |-, I8, -85 I
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