Precalculus — 2.3 Notes
Polynomial Functions and Graphs

A polynomial function isafunctionintheform f (x)=ax"+a,_x""+...+ax+a, where a,, a,,,..., &, g
are real numbers (coefficients) and n is a nonnegative integer. The domain of a polynomia function is the set of
all real numbers. The degree of apolynomial is the largest power of x that appears. The zero polynomial

f (x) =0 isnot assigned a degree. Ne varables under rosts (exponents A(‘en‘-l—fxﬂ-\—éﬁefS)

. . No variables in denaminater (hegative expanent)
Example: Determine which of the following are polynomial functions. For those that are, state the degree; for

those that are not, tell why not.

a) f(x)=5+2x-8% b) f(x)=4+3/x = 4+3x*
PDlyV\omia\, d(’_ﬂree 2 not a polyomial, nbm—im—cgereprncwf
o) f(x)=-2x¢(x-1)° d f(x)=0
polynomial, dc@re@ = P"A\/V‘DM]‘L\J not 5‘6&5\(‘23?4 -~
GE moultipl1ed 604, \ezrding tecm eqrec Ox' © Ox™ T OX ¢
x2 -1 Wy 14 \QQ_ -Qx*
) f(x):x+4 f) f(x)=9 . J
_ =l V\OVV]'lﬂ\-I) eqgree O
(A=t 4y S Bl Pl
V\b—\— o po\\//\ovvﬁckl, r\eﬁa-]-\\le exPonen+ QX
A polynomial function is smooth and continuous. It does not contain corners, cusps, gaps, or holes.
¥ ¥a
Cusp

s T

Cornar Hole
m <

N *

(a) Graph of a polynomial function: {b} Cannot be the graph of a
smooth, continuous polynomial function

A power function of degree n isamonomial of theform f (x) =ax", whereaisarea number, az0, andnis
an integer greater than 0.

Example: Compare the even power functions f (x)=x?, f (x)=x", f (x)=x°, and f (x) = x".
Y
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Properties of Power Functions f (x) = x", nlsan Even Integer

1. f isanevenfunction, soitsgraph is symmetric with respect to the y-axis.

2. Thedomainisthe set of al real numbers. The rangeis the set of nonnegative real numbers.

3. Thegraph always contain the points (-1, 1), (0, 0), and (1, 1).

4. Asthe exponent nincreases in magnitude, the graph becomes more vertical when x< -1 or x>1; but
for x near the origin, the graph tends to flatten out and lie closer to the x-axis.

Example: Compare the odd power functions f (x) =%, f (x) =x°, f (x)=x", and f (x) = x°.
};‘

Properties of Power Functions f (x)=x", nlsan Odd Integer

1. f isanodd function, soits graph is symmetric with respect to the origin.

2. Thedomain and the range are the set of al real numbers.

3. The graph aways contain the points (-1, —-1), (0, 0), and (1, 1).

4. Asthe exponent nincreases in magnitude, the graph becomes more vertical when x< -1 or x>1; but
for x near the origin, the graph tends to flatten out and lie closer to the x-axis.

Example: Graph f (x)=-(x+1)" using transformations.

¥ ¥y ¥y

. 2_, . = . 2
X X
321123 32,1 ) 23
2 2
3 o il e G
s S
y=X M=%
1, . .
Example: Graph f () =3x - 2 using transformations.
v v )%

. . 2_, . = . 2 2_
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If f isafunctionand r isarea number for which f(r) =0, then r iscalled areal zero of f. Therea zeros

of apolynomial function are the x-intercepts of its graph, and they are found by solving the equation f (x) =0.

The following statements are equival ent:
1. r isasolutionof f(x)=0.

2. r isared zero of apolynomial function f.
3. r isan x-intercept of the graph of f.
4. x-r isafactor of f.

Example:
a) Find a polynomial of degree 3 whose zeros are —2, 4, and 5.
b) Use a graphing calculator to graph the polynomial and verify the results of part a).

E 2
P6) = (x4 (x-4)(x-5) f(x)= X=Tx F+20x
FGO = (x+ (P _5x ~4x +20) 3+Qx 2_1 2X t0
£ = e+ 2)(X*-9x+20) [£8<) = xP-Fx? + 2+ oo

If the same factor x—r occurs more than once, r is called arepeated, or multiple zero of f. More precisely, if

(x=r)" isafactor of apolynomia f and (x—r)m+1 isnot afactor of f, then r iscalled azero of multiplicity
mof f.

Example: Identify the zeros and their multiplicities for the polynomial f (x)=3(x-4 (x+1)3(x—2)2.

0= B(x-DHE+Y(-2)" -4 :0 (x+\)’z o
zeror 4 Vv | =2 x = ¥= -
molhiplicity; | 2 L (x-2) =
Multiplicity Rules: X =D

If r isa zero of even multiplicity:
1. Thesignof f(x) doesnot change from one side to the other side of r.

2. Thegraphof f touchesthex-axisat r.

If r isa zero of odd multiplicity:
1. thesignof f(x) changesfrom one sideto the other of r.

2. Thegraphof f crossesthe x-axisat r.

Turning Points: The points at which a graph changes direction (the local maxima and local minima) are called
turning points. If f isapolynomial function of degree n, then f hasat most n-1 turning points. If the graph

of apolynomial f has n—1 turning points, the degree of f isat least n.

End Behavior: The behavior of the graph of afunction for large values of x, either positive or negative, is
referred to asits end behavior. For large values of x, either positive or negative, the graph of the polynomial

function f(x)=a,x"+a, X" +...+ax+a, resemblesthe graph of the power function y=a, x". (The ends of
the graph are pointing the same direction as the ends of the graph of the leading term of the polynomial).
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Example: Graph the polynomial f (x) = x*(x+3).
a) Find the x-intercepts and y-intercept of the graph of f.
b) Determine whether the graph crosses or touches the x-axis at each x-intercept.
¢) End behavior: Find the power function that the graph of f resembles for large values of |x|

d) Determine the maximum number of turning points on the graph of f.
c) Locate other points on the graph and connect al the points plotted with a smooth continuous curve.

% - {A%S/%erbsz 0= X=X+ 33
YF= O X4+3=0O

K=0O ®x.==3
ol L wiolkt | |
tovuches c.rsSSes —b x

qAﬂir £(0)=06%(0+3) =0

Eng behavior: \1:y? 4 0

Max '\’\MNV\@ ets = de_@rce — |
=23\ = X

Example: Graph the polynomial f (x) = (x+1)2 (x=3)(x-1).
a) Find the x-intercepts and y-intercept of the graph of f.
b) Determine whether the graph crosses or touches the x-axis at each x-intercept.
¢) End behavior: Find the power function that the graph of f resembles for large values of |x|
d) Determine the maximum number of turning points on the graph of f.
c) Locate other points on the graph and connect al the points plotted with a smooth continuous curve.

X—Lﬂ’{s Zexpps: O= é%-n——()zc%—?bcx_ |> Y
CX*—‘)R:O K—R=2OD X —|=0O0
W= =] Y= X = )
mult R mol+ | wu lt |
touches (yoSSes (Cyosses
\\’-—is/l't : Qéo) = (_o+\>a(_0-—?>3<0"b
= 2PEDDEW=3

End behavior: y:'xq A
Max. 'l:l)‘(\/ﬁ\(\j P—[:s_ - L_}___l -2
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Example: Graph the polynomial f (x) = —%x(x2 +1) (x~ 2)2 .

a) Find the x-intercepts and y-intercept of the graph of f.

b) Determine whether the graph crosses or touches the x-axis at each x-intercept.

c¢) End behavior: Find the power function that the graph of f resembles for large values of |x|

d) Determine the maximum number of turning points on the graph of f.

c) Locate other points on the graph and connect al the points plotted with a smooth continuous curve.

Y

X-ints 0= 5% (x ¢ )x-3)"

-Ltx=0  SHlro G-D*:o
Xz0 x %= - X =
otk | =t mult. 2
7 Ihes
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from this
factor
y-unt Flo)=-L o)o*+ DN (o-2) =0
( : ! g Max forw  S5—1=
Eund behavior : Y=~ % N y ™ ots o
Example: Which of the following could be the graph of f (x) = x* -3x*+2x? & End loehavior: v = X 1
Lyt 40)0
MAX 4turnin
pts=4-1-3
— x J >
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end lbehayior
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